Theorem of completeness for a Dirac-type operator with 
generalized A-depending boundary conditions 
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Abstract 

A completeness theorem is proved involving a system of integro-differential equa- 
tions with some A-depending boundary conditions. Also some sufficient conditions for 
the root functions to form a Riesz basis are established. 

1. It is well known [11] that the system of eigenfunctions and associate functions (SEAF) 
of the Sturm - Liouville problem 

- y" + q(x)y = X 2 y, (1) 

y'(0) - h y(0) = y'(l) - h x y{l) = 0, (2) 

is complete in L 2 [0, 1] for arbitrary complex valued potential q G Li[0, 1] and ho, hi £ C. A 
similar result is also known for arbitrary nondegenerate boundary conditions (see [11]). 

A completeness result for a boundary value problem of arbitrary order differential equa- 
tions of the form 



n-2 

v (n) + i>0«0i/ 

3=0 



X n y, 



(3) 



with separated boundary conditions, has been announced by M.V. Keldysh [7] and was first 
proved by A. A. Shkalikov [16]. 

In [10] M.M. Malamud and one of the authors have generalized the above mentioned 
results from [11] to the case of first order systems with arbitrary boundary conditions (not 
depending on a spectral parameter). 

In [17] and [18] the completeness results for the problem (1), (2) have been generalized 
to the case of nonlinear A-depending boundary conditions of the form 



Pn(A)y(0) + P 12 (A)y'(0) = 

p 2 i(A)y 2 (|) + p 22 (A)y(iy( 



2' 



p 23 (Ay 2 



(4) 



and of the form 



f P 10 (X)y 2 (0) + P ll (X)y' 2 (0) + P 12 (A)y 2 (i) + P 13 (A)y' v , 

+ p u (x) y (o) y '(o) + p 15 (amom§) + p 16 (amom§) 
+ p 17 (amom§) + p 18 (amom§) + Pi 9 (AM±y(§) 



(5) 



P 20 (A)y 2 (0) + P 21 (Ay 2 (0) + P 22 (A)i/ 2 (i) + p 23 (Ay 2 (§ 
+ P 24 (A)y(0)y'(0) + P 25 (X)y(0)y(l) + P 26 (A)y(0)y'(|) 
+ P 27 (X)y'(0)y(l) + P 28 (X)y'(0)y'(l) + P 29 (A) 2 /(|)y'(|) 



0. 



where Py(A) are polynomials. 

Moreover, in [14] analogous results were obtained for a system with a pair of separated 
A-depending boundary conditions similar to the conditions (4) and (5). 

In the recent papers [19], [20] a related problem concerning the Riesz basis property 
of the SEAF for a first-order system of the form (6) given below with separated boundary 
conditions, not depending on a spectral parameter, has been established. In the present paper 
completeness and Riesz basis property of the SEAF are considered for Dirac-type systems 
with certain A-depending boundary conditions. Naturally the result cover the case of Dirac 
operators, which have been more extensively studied in the literature. In particular, we wish 
to mention the recent studies on spectral decompositions of ID periodic Dirac operators and 
related convergence results by B. Mityagin and P. Djakov; see [12] and [2], [3, Section 4]. 

The paper is organized as follows. In Section 1 we prove a completeness result for the first 
order systems of certain integro-differential equations involving general linear or quadratic 
A-depending boundary conditions. More precisely, let B = diag(a~ l , b~ l ) be a 2 x 2 diagonal 
matrix with a < < b. Consider in L 2 [0, 1] © L 2 [0, 1] a boundary value problem for the first 
order system of ordinary integro-differential equations of the form 

-By' + Q(x)y + [ M(x,t)y(t) dt = \y. (6) 
* Jo 

Here 

Vl ; V&OM) J' K,) \M 21 (x,t) M 22 {x,t))' yy > \y 2 (x)J : 

where it is assumed that qj e Li[0, 1] and e L^Q), f2 = {0 < t < x < 1}, i,j = 1,2. 
Two types of A-depending boundary conditions will be treated. Namely: 

(i) arbitrary linear conditions of the form 

Ai(A)j/i(0) + Pi 2 (A)y 2 (0) + Pi 3 (A)j/i(l) + Pi 4 (A)y 2 (l) = 
P2i(X)yi(0) + P 22 (A)y 2 (0) + P 23 (A) yi (l) + P 24 (A)y 2 (l) = 

and: 

(ii) arbitrary quadratic conditions of the form 

' P 10 (A) yi 2 (0) + P n (A)y 2 2 (0) + P 12 (\)ylC 2 ) + P^)vl{\) 
+ Pi 4 (A) J/l (0)y 2 (0) + P 15 (A) yi (0) yi (i) + P 16 (A) yi (0)y 2 (|) 
+ P 17 (A)y 2 (0) yi (|) + P 18 (A)y 2 (0)y 2 (|) + P 19 (\) yi (l)y 2 (l) = 

< 

P 20 (A)y 2 (0) + P 21 (A)y 2 2 (0) + P 22 (A)y 2 (|) + P 23 (A)y 2 (|) 
+ P 2 4(A) yi (0)y 2 (0) + P 25 (A) yi (0) yi (|) + P 26 (\) yi (0)y 2 (\) 
k + P 2 7(A)y 2 (0) yi (|) + P 28 (A)y 2 (0)y 2 (|) + P 29 (A)y 1 (|) 2/2 (|) = 0, 

where Py(A) are polynomials. 

In Section 2 some general sufficient conditions for polynomials P^- are established in order 
that the SEAF of the problem (6) with separated A-depending boundary conditions forms a 
Riesz basis. 

Some of the main results of this paper has been announced without proofs in [5], [6]. 
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1 Theorems on completeness of SEAF 

In this section some sufficient conditions for the completeness of the SEAF of the problems 
(6), (7) and (6), (8) in L 2 [0, 1] © L 2 [0, 1] are established. The starting point is to estimate 
the growth of the solution of the Cauchy problem for the system (6) with special initial 
conditions. 
Let 

(p a (x;X)=[ and ip a (x; X) = [ 9 

\(p a2 (x;X)J \^ a2 (x;X)J 

be the solutions of the Cauchy problem for the system (6) with the initial conditions 

(p a i(a; A) = ^ a2 (a; A) = 1 and (p a2 (a; A) = ^ a i(a; A) = 0, (10) 

where a G [0,1]. The next lemma gives some estimates for the growth of ip j(x;X) and 
^ty(z;A), j = 1,2. 

Lemma 1. The functions (poj(x; X) andip j(x; X), j = 0, 1, satisfy the estimates (as X — > oo^) 

<Poi(z; A) = (1 + O(^)) exp(aAix), ^02(^5 A) = O(^) exp(aAi:r); 
^01 (z; A) = O(^) exp(aXix), ^(x; A) = O(^) exp(aAix); 

u>/jen A G C + ; and £/ie estimates 

tpoi(x; A) = O(^) exp(oAix), ipo 2 (x; A) = O(^) exp(6Aix); 
ipoi(x; A) = O(^) exp(&Aix), ip 02 (x; A) = (1 + 0(±)) exp(Wuz); 

w/ien A G C _ . 



11) 



(12) 



Proof. We prove the first of the estimates in (11). All the other estimates can be proved 
similarly. 

According to [9] the system (6) admits a triangular transformation operator. This means 
that the solution ip admits a representation 



<p (x; A) = 



-.iaXx 







+ 



K(x,t) 



,ia\t 



-AbXt 



dt, 



(13) 



where K(x,t) := ( ^ n [ X,t } ^H^l G L^ft) ® C 2x2 . In particular, 

\^2l(.^5 tj J^22{X,t) J 

pX pX 

(p 01 (x; A) = e iaA * + / tfnfo t)e iaA * dt + / K 12 (x, t)e zbXt dt. 
Jo Jo 

If 3A > 0, then \e ibXt \ < 1 and f* K 12 (x,t)e ibXt dt = 0(1), since a < < b and dTi 2 (x,t) 
is bounded, and then, in particular, f* K 12 (x,t)e' tbXt dt = O(^) exp(aXix) . 
Moreover, since K n (x,t) is bounded, one has 



[ 

Jo 



K u {x,t)e mXt dt = O I I \e iaXt \dt 



O 



e -a(9A)t dt \ =0 



3A 



iaXx 



Therefore, for OA > one gets 

V oi(x; A) = e iaXx + O 



AaXx 



3A 



l + O 



3A 



iaXx 



□ 
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If the function Q(x) is differentiable, the above estimates can be strengthened as follows. 

Lemma 2. Let Q(x) be differentiable. Then the functions ~ifj(x; A) and ip j(x; X), j G {0, 1} 
satisfy the estimates 

(poi(x; A) = exp(a\ix) + jO(exp(aXix)), (pcnix; A) = jO(exp(aXix)); 
ip 01 (x;X) = jO(exp(aXix)), ip 02 (x;X) = jO(exp(aXix)); 

(pn(x; A) = \0(exp(bXi(x - 1))), (p 12 (x; A) = jO(exp(bXi(x - 1))); 

ip n (x; A) = \0(exp(bXi(x - 1))), ipi 2 (x; A) = exp(bXi(x - 1)) + \0(exp(bXi(x - 1))), 

(14) 

when X G C + 7 and the estimates 

ipoi(x; A) = jO(exp(bXix)), ip 2(x; A) = jO(exp(bXix)); 

ipoi(x; A) = jO(exp(bXix)), ipo2(%] A) = exp(bXix) + jO(exp(bXix))] 

(pu(x; A) = exp(aXi(x — 1)) + jO(exp(aXi(x — 1))), (fii 2 (x; A) = jO(exp(aXi(x — 1))); 
ipn(x; A) = jO(exp(aXi(x — 1))), ipi 2 (x] A) = jO(exp(aXi(x — 1))), 

(15) 

when X G C~. 

Proof. As in Lemma 1 we just prove the first of the estimates in (14). For this purpose the 
formula (13) in the proof of Lemma 1 will be used. In [9] it was show that if q G C 1 [0, 1] 
then Kij(x,t) G C 1 (r2), too. Now integration by parts yields 



f 

Jo 



K u {x,t)e iaXt dt = -\ ( K u (x,t)e iaXtlx 
iaX 



t=o 



JO 



d_ 

dt 



K u (x,t)e iaXt dt 



K u (x,x)e iaXx - K n (x,0) 1 



iaX 



iaX 



3A 



-0(|e^|), 



and 



K 12 (x,t)e ibXt dt = — ( K 12 (x,t)e ibXi 
o toX 



\t=o 



d_ 

dt 



K 12 (x,t)e lbXt dt 



since OA > and a < < b. 

Therefore from the formula (13) one gets 

<foi(x; A) = exp(aAix) + jO(exp(aXix)). 

All the other estimates in Lemma 2 are proved in a similar manner. 



A 



O (\e iaXx \) , 



□ 



In the next lemma some estimates for the growth of the Wronski determinant are pre- 
sented. 
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Lemma 3. Let y\(x; A) and y 2 (x; A) be two linearly independent solutions of the system (6). 
Then the Wronski determinant 

W(x;X)=det( Vl f^\ (16) 
\yia{x;X) y 22 {x;X)J 

admits the following estimate 

W(x; A) = (1 + o(l)) exp((a + b)Xi)W(0; A). (17) 

Proof. It was proved in [10] that in C± the system (6) has two linearly independent solutions 
Ei(x, A) and e 2 (x, A) satisfying the estimates 

/(l + o(l))exp(aXix)\ ( o(l)exp(bXix) \ 

e ^^={ (l)exp(aXix) ) ^ ^ A) = {(1 + o(l) )exp(bXix) ) (18) 

for A G C±. 

Since yj(x; A) is a linear combination of Ei(x, A) and e 2 (x, A), one has 

yu(x;X) y 2 i(x;X) 
yu(x;X) y 22 (x;X) 

e n {x;X) e 21 {x;X)\ ( e u (0; X) e 21 (0; A)\~ Vyn(0; A) y 2 i(0;A) 
£i 2 (^;A) £2 2 (x;A); ^£ 12 (0;A) e 22 (0;Ay Vj/i 2 (0;A) y 22 (0;A) 

It follows that 



(19) 



W(x;X)=detM X ^ ) ^^W^M ^yyWfrX) 
\e 12 {x;X) e 22 (x;X)J \ei 2 (0;A) e 22 (0;A)/ 

= (l + o(l))exp((a + 6)Ai)W(0;A) (20) 
which gives the required estimate (17). □ 
The function x(A) defined by 



where 



Qn(A) = Pn(A) + P 13 (A)v9 i(l; A) + P 14 (A)y9 02 (l; A), 
Qi2(X) = Pi 2 (A) + Pi 3 (A)Voi(l; A) + Pi 4 (A)Vo 2 (l; A), 
Q 2 i(A) = P 2 i(A) + P 23 (A)v9 i(l; A) + P 24 (A)y9 02 (l; A), 
g 22 (A) = P 22 (A) + P 23 (A)Voi(l; A) + P 24 (A)^ 02 (1; A), 



(22) 



is said to be the characteristic function of the problem (6), (7). This definition is motivated 
by the next result. 

Proposition 4. The number Ao G C is an eigenvalue of the operator associated to the 
problem (6), (7) if and only if x(A ) = 0. Moreover, the functions uj\{x] A) andcu 2 (x;X) 
given by 

ujI(x; A) = Qi 2 (X)ip (x] A) - Qu(\)i/) (x; A) (23) 
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and 

rf 2 (x; A) = Q 22 (\)M^ A) - A) (24) 

are the eig en functions corresponding to the eigenvalue A , or, one has ujj(x;X) = 0. More- 
over, all the eig enf unctions and associate functions corresponding to the eigenvalue Ao are 
the nonzero functions of the form 

1 d k 

:UJj(x; A) , where < k < pj, j = 1,2. (25) 

A=A 



k\0\ k ' 

Proof. It follows from (10) with a = that for all A G C the function 

Ui(x; A) = (P 12 (A) + P 13 (A)^ i(l; A) + Pi 4 (A)^ 02 (l; \))<p (x; A) 

- (P n (A) + P 13 (A)v9 i(l; A) + P 14 (A)v9 02 (l; \))Mv A ) 



(26) 



is a solution of the first equation in (7). Moreover, since 

P 21 (AVn(0, A) + P 22 (AV 12 (0, A) + P 23 (A)^ n (l, A) + P 24 (A)u; 12 (l, A) = - X (A), (27) 

uj\{x] A ) is a solution of the second equation in (7), if A is a root of xW- Similarly, for all 
A G C the function 

^(z; A) = (P 22 (A) + P 23 (A)Voi(l; A) + P 24 (A)V> 02 (1; X))M^ A) 
- (P 21 (A) + P 23 (AVoi(l; A) + P 24 (A)v9 02 (l; \))Mv 

is a solution of the second equation in (7) and since 

P n (AV 21 (0, A) + P 12 (AV 22 (0, A) + P 13 (AV 21 (1, A) + P 14 (A)u; 22 (l, A) = X (A), (29) 

ujj(x; Ao) is a solution of the first equation in (7) too, if A is a root of xW- 

If, in addition, Ao is a root of xW °f the order p = p^ + p^\ then the operator 
determined by (6), (7) has precisely p eigenfunctions and associate functions corresponding 
to A . In fact, it follows from (27), (29) that all nonzero functions 

1 d k 

:Wj(x;\) , where min^^p^) < k < p , j = l,2, (30) 

A=A 



k\d\ k 

are eigenfunctions and associate functions corresponding to the eigenvalue A . □ 

The completeness result can now be stated as follows. 
Theorem 5. Let Pij (i—1,2 ; j— 1,2,3,4) be polynomials, let the rank of the polynomial matrix 

P(x] _fPnW A 2 (A) P 13 (A) P 14 (A)\ 

nA) \P 21 (X) P 22 (A) P 23 (A) P 2A {X)) [6L) 
be equal to 2 for all A G C, and let 

deg Ji 4 = deg J 32 > max{deg J 13 , deg J 42 , M }, (32) 
where M = max{ deg P^ : i G {1, 2}; j G {1, 2, 3, 4} } and 

J y = det(£ 1< i,j = {1,2,3,4}. (33) 
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Then the SEAF of the problem (6), (7) is complete in L 2 [0, 1] © L 2 [0, 1]. 

Moreover, let the set $ 7 which consists of N : = deg J u — M eigenfunctions and associate 
functions, satisfy the following condition: 

If $ contains either an eigenfunction or an associate function corresponding to an eigen- 
value \k, then it also contains all the associate functions of higher order corresponding to 
the same eigenvalue. 

Then the SEAF of the problem (6), (7) without the set $ is also complete in the space 
L 2 [0,1]©L 2 [0,1]. 

Proof. Suppose that the SEAF of the problem (6), (7) without the set $ is not complete in the 
space L 2 [0, 1] © L 2 [0, 1]. Then there exists a nonzero vector function f(x) = (fi(x), f2(x)) T , 
which is orthogonal to the SEAF of the problem (6), (7) (possibly, excluding functions from 
the set $). Define 

^(A) := (T}j(x;\),7(x)) = J (vji(x; X)JJx) + u j2 (x; X)fc(xj) dx. (34) 

Clearly, Fj(X) is an entire function. If A s is an eigenvalue of multiplicity p s = + pP and 
the set <3> contains neither an eigenfunction nor an associate function corresponding to A s , 
then it follows from Proposition 4 that A s is a root of Fj(X) of order p^\ j = 1, 2. 

If $ contains k eigenfunctions or associate functions corresponding to the eigenvalue X s , 
then X s is a root of Fj(X) of order greater than or equal to pP — k, j = 1, 2. 

Let <3> 7^ and denote by A the set of all eigenvalues of the problem (6), (7), such that the 
corresponding eigenfunctions (or associate functions) belong to the set $. For each X s E A 
denote by q s the number of eigenfunctions and associate functions in $ corresponding to X s . 
Define 

n(A)= IJ(A- V". (35) 

A s eA 

Let Xk be an eigenvalue of the problem (6), (7) of multiplicity pk- Then is a zero of 
the product n(A)Fj(A) at least of order p k . Consequently, the functions 



n(A)F,(A) 
X(A) 



W) = -^9^ (36) 



are entire. Next an estimate for these functions will be derived. 
One can rewrite x(A) as follows 

X(X) = J12 + Jl3^0l(l; A) + Ji4^02(l; A) + J 3 2<poi(i; A) 

Voi(i;A) ^oi(i;A) 



+ ^42^02(1; A) + J 34 det , . , . , 

V^02(1;A) ^02(1; A) ) (37) 

= J\2 + Ji3^oi(i; A) + Ji4^o2(i; A) + </ 3 2<A)i(i; A) 

+ ^42^02(1; A) + J34 (1+0 (^)) exp((a + b)Xi). 
Then one obtains from (11), (12), and the assumption (32) the following estimates for x(A): 

x(A) = (l + 0(^))J 32 exp(aAi), A E C+; (38) 

X (A) = (1 + 0(A.))J 14 exp(6Ai), A E C". (39) 
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Moreover, the definition of ~ujj(x; A) (cf. (26) and (28)) implies that 

u}j(x; A) = -Pj^ipoix; A) + P j2 {X)^{x; A) 

+ (1 + O (^)) exp((a + 6)Ai)(-P j3 (A)^i(a;; A) + P^A)^; A)). 

If A G C + , then (40) and the estimate (11) imply 

u jk (x; A) = (0(P,-i(A)) + 0(Pj 2 (A))) exp(aAix) 

+ (0(P j3 (A)) + 0(P j4 (A))) exp(aAi) exp(b\ix). [ ' 

By using the Cauchy-Schwartz inequality one gets 

jf |/ fc (x) exp(aAix)| cb = O j > j£ \f k (x) exp(b\ix)\dx = O ^-^=j , 

and consequently there exists a constant c\ > 0, such that, for 3 A > Ci and a < < b, 

Similarly, there exists a constant c 2 < 0, such that, for 3 A < c 2 , 

~ ( \ M \ 

F,(A)=0 bmr ■ (43) 

From (38), (39), (42), (43), and the assumption (32) one obtains finally the estimate 

^ (A) = °(vw)' |3A|>C ' (44) 

By applying Phragmen-Lindelof theorem for a strip one concludes that P,(A) = 0. Con- 
sequently, Fj(\) = 0, i.e. f(x) is orthogonal to ~ui(x;\) and ^ 2 (:r; A) for all A. However, 
the functions ~ui(x; A) and a? 2 (:r; A) for all A form a fundamental system of solutions of the 
equation (6) if A is not an eigenvalue. Since the set of eigenvalues coincides with the set of 
all roots of x(A), this set is discrete. This implies that / (x) is orthogonal to all solutions of 
the equation (6), so that f (x) = 0. 

Therefore, there is no nontrivial function / (x) orthogonal to the SEAF of the problem 
(6)-(7) (maybe without the set $). □ 

Theorem 6. Let P^ (i—1,2 ; j—0,1,. . . ,9) be polynomials, let the rank of the matrix 

'Pio(A) Pn(A) ... P 19 (A) 



P 20 (A) P 2 i(A) ... P 29 (A),' (45) 
be equal to 2 for all A G C, and let 

deg J 03 = deg J 12 = M, (46) 
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where 



Ja = det 



( 



P 

P 



2i 



li 




i,j = 0, 1,...,9, 



(47) 



and M = max{ degPy : i E {1, 2}; j E {0, 1, . . . , 9} }. Then the SEAF of problem (6), (8) 
is complete in L 2 [0, 1] © L 2 [0, 1]. 

Moreover, let the set $ ; which consists of M eigenfunctions and associate functions, 
satisfy the following condition: 

If $ contains either an eigenfunction or an associate function corresponding to an eigen- 
value \k, then it also contains all the associate functions of higher order corresponding to 
the same eigenvalue. 

Then the SEAF of the problem (6), (8) without the set $ is also complete in the space 



Proof. The proof of this theorem is similar to the proof of Theorem 5. 

As in Theorem 5 one considers the characteristic function and functions cui(x;X) and 
uj 2 (x; A), but in this case these functions will be defined by other formulas. 

Let ~uj (x; A) be an arbitrary solution of the system (6). Then ~uj(x; A) may be written in 



P 10 (\)A 2 + P n (A)P 2 + P 12 (A)(^ i(|; A) + SVoi(|; A)) 2 + 
Pi3(A)(A^o2(i; A) + £Vo 2 (!; A)) 2 + P U (X)AB+ 
P 15 (X)A(A<p 01 (±; A) + £tyoi(§; A)) + P 16 (X)A(A<p 02 (±; A) + B^{\\ A))+ 
P ir (\)B(A<p 01 (±; A) + PVoi(|; A)) + P 18 (X)B(A<p 02 (l; A) + P^o 2 (§; A))+ 
P 19 (A)(Ay9 01 (§; A) + PVoi(|; A))(^ 02 (|; A) + B^ Q2 {\- A)) = 0, 

(48) 

P 20 (A)A 2 + P 21 (A)P 2 + P 22 (A)(Ay9 01 (±; A) + B^j m {\; A)) 2 + 
P23(A)(^ 02 (|; A) + PVo 2 (|; A)) 2 + P 24 (\)AB+ 
P 25 (X)A(A<p i(h A) + P^oi(|; A)) + P 26 (A)A(^ 02 (i; A) + P^o 2 (§; A))+ 
P 27 (A)P(^ 01 (i ; A) + P^oi(|; A)) + P 28 (\)B(A<p 02 (± 2 , A) + P^MI; A))+ 
P 29 (A)(^ i(|; A) + PVoi(|; A))(^ 02 (|; A) + P?M§; A)) = o. 



L 2 [0,1]©L 2 



[0,1]. 




The system (48) may be rewritten in the form 



Qn(X)A 2 + Q 12 (X)AB + Q 13 (A)P 2 = 
Q 21 (X)A 2 + Q 22 (X)AB + Q 23 (A)P 2 = 0, 



(49) 
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where 



Qn =Pio(A) + PuW^a; A) + P 13 (A)^ 2 (|; A)+ 



02l 2 > 

+ Pi 5 (\)<Poi(h A) + Pi 6 (A)^o 2 (|; A) + P 19 (A)v9 i(|; A)^; A), 



Q12 =2P 12 (A)v9 i(i; A)Voi(i; A) + 2P 13 (A)^ 02 (i; A)^M±; A) + P i4 (A) + 
+ A 5 (A)Voi(|; A) + Pi 6 (A)Vo 2 (|; A) + P 17 (A)^ i(|; A)+ 
+ Pi 8 (A)^ 02 (i; A) + P 19 (A)((^oi(i; A)^ 02 (i; A) + ^ 01 (I; A)^ 02 (|; A)), 



Ql3 =Pll(X) 



) + Pi 2 (A)<(i; A)) + P 13 (A)^ 2 2 (i; A) + 
+ Pi 7 (A)Voi(|; A)) + Pi 8 (A)Vo 2 (|; A) + Pi 9 (A)Voi(|; A)^ 02 (|; A); 



Q21 =^o(A) + P 22 (AX(|; A) + P 23 (A)y4(|; A)+ 

+ P 25 (A)^oi(i; A) + P 26 (A)<A)2(i; A) + P 29 (A)^ i(|; A)^ 02 (|; A), 

Q22 =2P 22 (A)v9 i(|; A)^ i(|; A) + 2P 23 (A)^ 02 (|; A)Vo 2 (|; A) + P 24 (A) + 
+ P 25 (A)Voi(|; A) + P 26 (A)Vo2(|; A) + P 27 (A)v9 i(i; A)+ 
+ ^2 8 (A)^o 2 (|; A) + P 29 (A)(y9 i(|; A)^ 02 (i; A) + Voi(|; A)^o 2 (|; A)), 



(50) 



Q23 =P 2 i(A) + P 2 2(A)^ 2 1 (i; A)) + P23(A)^ 2 2 (|; A) + 

+ ^27(A)Voi(|; A)) + P 28 (A)<M§; A) + P 29 (A)Voi(|; X)M\; A) 

It is well known (see, for example, [21]), that a system of two quadratic equations has a 
nonzero solution if and only if, the resultant is equal to 0. Therefore, Ao is an eigenvalue of 
the problem (6), (8) if and only if x(A) = 0, where 



X(A) = det 



Q12 Q13 \ 

Qn Q12 Q13 

Q21 Q22 Q23 

V Q21 Q22 Q23) 



D\s — D12D23 



(51) 



with 



^■ = det lQ* Q 



Qi 



Qij 

2.7 



(52) 



Moreover, the multiplicity of Ao as a zero of the function x(A) is equal to the number of 
eigenfunctions and associate functions corresponding to the eigenvalue A . 
Introduce the Wronski determinant 



W(x; A) = det 



ip 01 (x;X) ip 01 (x;\) 
ip 02 (x;\) ip 02 (x;\) 



Then x(A) may be transformed to a polynomial of degree 4 with the arguments </?oi(|; A), 
VW^A), <^02(|;A), ^02(|;A), and W(j,\), having all the coefficients of form J^Ju- I n 
particular, the coefficient of y?o,i(^;A) is equal to Jf 2 , and the coefficient of ^0,2 ( ^ ? A) is 
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equal to Jq 3 . Therefore, from the condition (46), the estimates (11), (12), and the following 
estimate (cf. Lemma 3) 

W{x- X) = (1 + O ({)) exp((a + b)Xi), (53) 
one can derive the following estimates for the characteristic function x(A): 

X(A) = (1 + O(^x)) Ji 2 exp(2aAi) for A G C+; (54) 

and 

X (A) = (1 + O(^)) J 2 i exp(26Ai) for A e C~. (55) 
Now, introduce the functions 

uji(x; A) := £) 13 v? (a;; A) - D 12 ip (x] A) and "cj 2 (x; A) := Z} 23 </?o(z; A) - D 13 tp (x; A). (56) 

The function ~Ui(x; A) satisfies the boundary conditions (8) if and only if 



Ti(A) := Qii(A)£>? 3 (A) - Qi 2 (A)L> 13 (A)L> 12 (A) + Q 13 (A)L>? 2 (A) = 
T 2 (A) := Q 21 (X)Dj 3 (X) - Q 22 (\)D 13 (\)D 12 (\) + Q 23 (\)Dj 2 (\) = 

Observe that 

ri(A) = Q n (A)x(A) and r 2 (A) = Q 2 i(A) X (A). 
Hence, if Aq is an eigenvalue of multiplicity p, then 



Qk 



A=A 



Qk 

and — r 2 (x;A) 



for all k < p. 



x=x 



Therefore, in this case, all nonzero functions 

Qk 



dX k 



uj x {x] A) 



0, with k < p, 



(57) 
(58) 
(59) 

(60) 



A=A 



are eigenfunctions and associate functions, corresponding to the eigenvalue Ao- Similarly all 
nonzero functions given by 



Qk 

dX* 



uj 2 (x; A) 



= 0, with k < p, 



(61) 



A=A 



are eigenfunctions and associate functions, corresponding to the eigenvalue Ao, too. 

Suppose that the SEAF of the problem (6), (8) without the set $ is not complete in the 
space L 2 [0, 1] © L 2 [0, 1]. Then there exists a nonzero vector-function 



f(x) 



fi{x) 

f2(x) 



(62) 



which is orthogonal to the SEAF of problem (6)-(8) (possibly excluding the functions from 
the set $). 

Just as in the proof of Theorem 5 introduce the functions Fj(X) and n(A) by the formulae 
(34) and (35). Then, as before, the functions 



F,(A) = 



n(A)F,(A) 
X(A) 



(63) 
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are entire. Let 

~g(x) = (ciV>oi(§; A) + 02^02(5 ; A))^o(x; A) - (ci<p i(§; A) + 02^02(5; A))^ (z; A), 

where ci and c 2 are arbitrary complex coefficients. From (53) one gets the estimate 

/(- Cl + C(i))exp((a + 6)Ai)\ 
V (c 2 + 0(i))exp((a + &)A*) J 

and this implies that the function g (x) satisfies the estimate 

~g{x) = (1 + O (^)) exp(|(a + 6)Ai)(-ci^i(a:; A) + c 2 ^i (x; A)), 

2 2 

where the functions ipi(x; A) and ^1 (x; A) are solutions of the Cauchy problem for the s 



(6) with the initial conditions 

v^i 1 (|;A) = ^i 2 (|;A) 



and 



v^i 2 (|;A) = ^i 1 (|;A) 



0. 



As in Lemma 1 one can derive for these functions the following estimates: 



if A G C + and x > \ then 



(pi 
2 

(pi 



^1 
2 1 

^1, 



if A G C+ and x < \ then 



2 



^1 
2 

2^ 

if A G C~ and a; > \ then 



2 

2' 

■01 
2 

^1, 



x; A) = (1 + O(^)) exp(aA*(x - §)), 
x; A) = O(^) exp(aAi(x - 

x; A) = O(^) exp(aAi(x - |)), 
x; A) = O(^) exp(aAi(x - 

x; A) = O(^) exp(6Ai(x - |)), 
x; A) = O(^) exp(6Ai(x - §)); 

x; A) = O(^) exp(6Ai(x - §)), 
x;A) = (l + 0(^))exp(6Ai(x-|)); 

x; A) = O(^) exp(Wu(x - |)), 
x; A) = O(^) exp(Wu(x - §)); 

x ! A ) = exp(6Ai(x - |)), 

x;A) = (i + 0(^))exp(6Ai(x-|)); 



12 



if A G C and x < \ then 

<pi (x;A) = (l + 0(^))exp(6A<( a ;-|)), 

2 1 

y>i 2 (x; A) = 0(±) exp(6Ai(x - §)); 



2 



(69) 

V'i. (x; A) = O(^t) exp(6Ai(x - |)), 
2 1 

^i 2 (x; A) = 0(±) exp(aAi(x - §)). 

Using the formula (64) and the estimates (11), (12), (66) - (69) one gets the following 
estimates for the functions in (56) 

Ul(x;\) = 0(X M exp(iaX(x + l))), if 3A > (70) 

and 

^(x;A) =0(A M exp(*A(a; + l))), if 3A < 0. (71) 
From the estimates (54), (55), (70), (71) one gets finally the estimates 

m) = °(-7j^)' ^ > c > ^ 

where C > is a constant. Then, by Phragmen-Lindelof theorem for a strip, one again 
concludes that Fj(X) = 0, and therefore Fj(A) = 0, i.e. f(x) is orthogonal to ~ui(x; A) and 
a; 2 (x; A) for all A. 

Observe, that if x(A) 7^ then the functions uo i(x; A) and u 2(2;; A) are linearly indepen- 
dent. Therefore, for these values of A, cui(x;X) and a; 2(2;; A) form a fundamental system 
of solutions of the system (6). Thus, f(x) is orthogonal to all solutions of the system (6). 
Consequently, f(x) = and this completes the proof. 

□ 



2 Riesz basis property of the SEAF 

In this section some sufficient conditions for the Riesz basis property of the SEAF of the 
system (6) with separated A-depending boundary conditions will be established. 
First recall the definition of the Riesz basis. 

Definition 7. A system of vectors {il> n }%Li is called a Riesz basis in the Hilbert space H 
if there exists a bounded operator A with bounded inverse A -1 , such that the transformed 
system {A%l) n \ c £ =l forms an orthonormal basis in H . 

The following lemma is well known (see [4]). 

Lemma 8. Let the system of the vectors {ip n }™=i be complete in a Hilbert space H . Let 
{(p n }^Li be a Riesz basis of H such that Y^=i HVVi — 0n|| 2 < °°- Then the system {ip n \'^ =l 
is a Riesz basis of H , too. 

Also, the following lemma will be needed, which concerns the spectrum of the system (6) 
with separated A-depending boundary conditions. 
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Lemma 9. Let the function Q(x) be differentiable. 

Let -Pn(A) and Pi 2 (A) be relatively prime polynomials with degPn = degP 12 = N and 
let P2i(X) and P 22 (X) be relatively prime polynomials with degP2i — degP 2 2 — Ni. 

Let Cij be the leading coefficient of the polynomial Py(A) and denote C\ = CnC 2 i and 

C 2 = Ci 2 C 22 . 

Let the set A contain N = N + Ni eigenvalues of the problem (6) with separated A- 
depending boundary conditions given by 

Pii(A) yi (0)+P 12 (A)y 2 (0)=0 
P 2 i(A)yi(l)+P 22 (A)y 2 (l)=0 

Then it is possible to enumerate the remaining eigenvalues, such that 

i\n(C 1 /C 2 ) + 2nn , 

A n = — h O — r , w/iere n G Z. (74) 

o — a \\ n \J 

Proof. The characteristic function x(A) of the system (6) with the boundary conditions in 
(73) has the form 

X (A) = Pn(A)(P 21 (A)Voi(l; A) +P 22 (A)V 02 (1; A)) - P 12 (A)(P 21 (A)y9 i(l; A) +P 22 (A)^ 02 (1; A)), 

where the products of polynomials are all of degree N by assumptions. 
Introduce the function 

n(A)= n( A -^) Ps > 

A s eA 

where p s is the multiplicity of the eigenvalue \ s in the set A. 

Then the eigenvalues which do not belong to the set A, are the roots the entire function 

X{X) - 11(A)' 

It follows from Lemma 2 that the function x(A) satisfies the following estimate: 

x(A) = Ciexp(aAi) — C 2 exp(b\i) + — 0(max{exp(aAi), exp(6Ai)}), (75) 

A 

where C X C 2 ^ 0. 
On the line 

KA _ 91n(C 1 /C 2 ) + (2 W + l)7r > 
b — a 

which is determined by the equation arg(Ci exp(aAi)) = arg(— C 2 exp(Wu)), one has 

|Ciexp(aAi) — C 2 exp(Ww) | = \C\ exp(aA?)| + |C 2 exp(6A«)|. (76) 

From (75) and (76) one concludes that on this line, with |A| large enough, 

|x(A) - (Ciexp(aAi) - C 2 exp(b\i))\ < |Ciexp(aAi) - C 2 exp(6Ai)|. (77) 

Therefore, it follows from Rouche's theorem (see [15]) and the estimates (75) and (77) 
that for | n | large enough there exists precisely one root of x(A) in the strip 

(2n - 1)tt < (b - a)KA + 3 \n(d/C 2 ) < (2ra + 1)tt, (78) 
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and, furthermore, that there are 2\n\ — 1 roots of the function x(A) in the strip 

- (2\n\ - 1)tt < (b - a)^X + 3 ln(d/C 2 ) < (2\n\ - 1)tt. (79) 

Therefore the roots of x(X) except for, possibly, a finite number of them, are simple. 
Moreover, the roots X n of x(X) can be ordered as a bilateral sequence, so that for \n\ > n , 
X n belongs to the strip (78). 

Let 

t\n(C 1 /C 2 ) + 2nn 
'Vo — (pO) 

CL 

be the root of the function 

Xo(X) = Ciexp(aAi) — C 2 exp(bXi). 

Consider a disk D(n,p) with the radius p and the center A„ 5 o- For A G D(n, p) it follows 
from (75) that there exist Ki, such that 

|A||x(A)-xo(A)| <X 2 (|exp(a3A)| + |exp(&3A)|) < K x . (81) 

Moreover, because SA is independent of n, K 1 is independent of n, too. 

On the other hand, because the derivative of the function Xo(A) at A ni o is nonzero, then, 
for p small enough there exists K%, such that |xo(A)| > K^\X — Ao|. 

Therefore, if p > j^x\ anc ^ 1^ ~~ ^o| = Pi then (81) implies that 

i~ />m Ki Tr I expfaSA)! + I expffo^A)! ,_,, N _ ,, s , ,„^ N 
IXo(A)| > > K 2 ^^ ; ' |A| ' Pl - > |x(A) - Xo(A)|. (82) 

Hence, again by Rouche's theorem, in this disk the functions x(A) and Xo(A) have the 
same number of roots, i.e., precisely one root. 

Therefore, |A n - A n , | < jgfa. Since A n = g + 0(1), one has ^ = 0(±). 

Now, using the formula (80), the statement in (74) follows. □ 

Lemmas 8 and 9 are used to prove the following theorem. 

Theorem 10. Let -Pn(A) and Pi 2 (A) be relatively prime polynomials with degPn = 
degPi2 = iV and let P 2 i(A) and P 22 (A) be relatively prime polynomials with degP 2 i = 
degP 22 = N\. 

Let <£> be a set, which consists of N = N + Ni eig en functions and associate functions 
of the problem (6), (73) and assume that the SEAF of this problem without the set $ is 
complete in the space L 2 [0, 1] © L 2 [0, 1]. 

Then the SEAF of problem (6), (73) without the set $ is a Riesz basis in the space 
L 2 [0,1]©L 2 [0,1]. 

Proof. By Lemma 9, it is possible to enumerate the eigenvalues A n , corresponding to the 
eigenf unctions uJt(x) which are not contained in set $, such that 

. iln(C 1 /C 2 ) + 2 7 rn / 1 

\i — ; r U I -; — : 

o — a \\n\ 

Because uj n (x) satisfies the first of the conditions in (73), it may be written in the form 
u> n (x) = P 12 (A n )^o(x; A n ) — Pii(X n )ip (x; X n ) (up to a constant multiplier). 
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Then, by Lemma 2, 

^n(x) = ( ^exp(aA zx) \ + 1 (0(exp(aA ^ )} + (exp(b\ n tx))). (83) 
Combining the estimates (74) in Lemma 9 with (83) one obtains 



Ciiexp(6 iln(Cl 6 / ^ )+27rra zx)/ n FV 6- a 

+ 0(exp(& 1 \ 2) + is))) = 1 ., 'T! u , M+0(-). (84) 

1 Pl 6-a V-C n exp(& Un(c ^ )+27rn ^)7 V V ; 

Now define the operator A : L 2 [0, 1] © L 2 [0, 1] — > L 2 [a, b] via 

aM W = !^' wherea<x<0 
W l-^(f), where0<x<6. 

Then A and A^ 1 are bounded. Therefore, the system uJ^(x) is a Riesz basis in the space 
L 2 [0, 1] © L 2 [0, 1] if and only if the system A(uJ^) is a Riesz basis in the space L 2 [a, b]. 
From the estimate (84) and the definition of A in (85) one obtains 

/ iln(Ci/C 2 ) + 27rn N 1, 

A ^ = exp 1 \ V ix) + O - . 86 

o — a ra 



It is obvious, that the system 



,im(Ci/C 2 ) + 27m. , 

exp( zx) 

o — a 



is an orthogonal basis in the space L 2 [a, b] and that the norms of u) n are given by 

/* 3K(ln(Ci/C 2 )) 

cj n = / exp(— 2 x)dx 

J a b -a 

for all n. From the estimate (86) one concludes that 

oo 

^2 \\ A iyZ) - u n \\ 2 < oo. 

n=—oo 

Therefore, by Lemma 8, A(u n ) is a Riesz basis in L 2 [a, b]. □ 

From Theorem 10 we obtained the following result. 

Theorem 11. Let degPn = degPi 2 = 0, i.e., Pq ^ and P 12 ^ are constants. Let 
P 2 i(A) and P 22 (A) be relatively prime polynomials with degP 2 i = degP 22 = N . 

Let $ be a set, which consists of N eigenf unctions and associate functions, which satisfies 
the following condition: 

If $ contains either an eigenfunction or an associate function corresponding to an eigen- 
value \k, then it also contains all the associate functions of higher order corresponding to 
the same eigenvalue. 

Then the SEAF of the problem (6), (73) without the set $ is a Riesz basis in the space 
L 2 [0,1]©L 2 [0,1]. 
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Proof. In this case, by Theorem 5, the SEAF of the problem (6), (73) without the set $ is 
complete in the space L 2 [0, 1] © L 2 [0, 1]. 

Therefore, by Theorem 10 it is a Riesz basis. □ 

By taking iV = in Theorem 11 yields the following corollary for the system (6) with 
boundary conditions not depending on a spectral parameter, see [19]. 

Corollary 12. ([19]) Let hi and h 2 be nonzero numbers. Then the SEAF of problem (6) 
with boundary conditions 

yi(0) + /ny 2 (0) = 
yi(l) + h 2 y 2 (l) = 0, 

is a Riesz basis in the space L 2 [0, 1] © L 2 [0, 1]. 
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